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Abstract 
Given two commutative A-algebras B and C and a B @A C-module W, the modules 
H&4, B, C, W) are useful for comparing the ordinary AndrCkQuillen homology modules 
H&4, B, W) and H,(C, B aA C, W); they have been studied for small values of n. In this paper, 
we focus our attention on the module HS(A, B, C, B aA C). As a corollary of our computations, 
we obtain some new results in the theory of the cotangent complex. 
Introduction 
Given two A-algebras B and C, and a D-module W, where D is the tensor product 
B OA C, we will be concerned with the D-modules H,(A, B, C, W) that appear in [3]. 
These modules can be put in a long exact sequence 
... + &(A, B, W) + H,(C, D, W) -+ H,(A, B, C, W) --) H,-1(x4, B, W) + .. 
and so they are useful for comparing the ordinary Andr&Quillen homology modules 
Z-Z,(A, B, W) and H,(C, D, W). The modules H,(A, B, C, D) have been studied for 
n I 4 in [3]. In this paper we will focus our attention on the D-module H=,(A, B, C, D). 
Roughly speaking, we would like to relate H,(A, B, C, D) to Tor:(B, C). We will not 
consider the case of an arbitrary coefficient module W, this can be done through 
a universal coefficients spectral sequence as in [l, p. 651. 
The object of Section 1 is to give the definitions of the various modules and 
homomorphisms needed in order to state the results. These definitions involve divided 
powers, Massey products, and similar operations. In Section 2, we state the results 
(cf. Theorem 2.1 and Corollary 2.3) and give some applications of them in the theory 
of the cotangent complex: with an ideal I of a ring A we obtain exact sequences which 
involve the module H5(A, A/Z, A/Z) together with Koszul homology modules. In the 
special case of an ideal I generated by a single element, we obtain a description of the 
module HS(A, A/Z, A/Z) in terms of the annhihilator of the generator. When the ring 
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A is local with residue field K, the situation is easier to describe. There is a single exact 
sequence involving the K-vector space HS(A, K, K) together with homology modules 
of the Koszul complex on a minimal system of generators of the maximal ideal. As 
a corollary we provide an explicit formula for the fifth simplicial deviation d5 
( = dim#,(A, K K))). 
The rest of the paper is devoted to the proof of Theorem 2.1, which we will now 
sketch. Given a given simplicial algebra S one can obtain a new simplicial algebra 
T whose nth homology module is trivial by adding simplicial variables in degree n + 1 
together with their degeneracies (cf. Section 3). We say that the algebra T has been 
obtained from S by a step of genus n. This construction is inspired from algebraic 
topology where one can kill homotopy groups by adding cells. 
Let Y be the simplicial algebra X @A C where X is a simplicial resolution of the 
A-algebra B. With a step of genus 2, we obtain, starting from Y, a simplicial algebra 
Q whose first homology module is trivial; with a step of genus 3 we obtain, starting 
from Q, a simplicial algebra S whose first two homology modules are trivial. We have 
then the following useful isomorphisms, 
H,(A, B, C, D) z &(S) and H,(Y) z Tori(B, C). 
This means that we must study the inclusion Y c Q and then the inclusion Q c R. In 
both cases it is done by means of a filtration which leads to study, when considering its 
various quotients, symmetric products of simplicial modules. We will need therefore 
to prove first two results about the homology of symmetric products. The main result 
of Section 3 will be that we can express the D-module H,(A, B, C, D) as the module of 
indecomposable elements of degree 4, in the homology of a differential r-algebra, say 
Z, obtained from Y by a construction “a la Tate”. 
In Section 4 we study the inclusion of differential r-algebras Y c Z. We have left 
the category of simplicial algebras for the more pleasant one of differential r-algebras. 
We are now in a position where we can prove the desired result. 
All rings in this paper are understood to be commutative (unless explicitely stated) 
and with unity. We will assume that the index sets (for instance for a basis of a free 
module) are equipped with a well-ordering. 
The author would like to thank Professor Michel Andre for having introduced him 
to the subject, and also Queen’s University for the hospitality. 
Preliminaries and notational conventions 
Given a ring D and a D-module M, we will denote by I”(M) the algebra of divided 
powers of the D-module M, whose definition and main properties can be found in 
[l 11; we will denote by T,(M) the D-module of homogeneous elements of degree n in 
T’(M). As we will be especially concerned with the module r2(M) we give here, for the 
convenience of the reader, a presentation of this D-module in terms of generators and 
relations (compare also [12, Chapter 21). The D-module T,(M) is isomorphic the 
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quotient of a free D-module with a basis element e, for each element m in M, by the 
submodules generated by the following elements 
edm - d2e,, dED, mEM, 
emfn+ - en+ - em+ - emtn + e, + e, + e,, m,n,r E M, 
edmtn-demtn- d(d - l)e, + (d - l)e,, d E D, m,n E M 
The image in T,(M) of the basis element e, is the divided square mL2’ and the product 
of two elements m, n of M is the element mn = (m + n)[21 - mrzl - nrzl of r,(M); the 
last two relations above are meant to make this pairing D-bilinear. 
A D-homomorphismf: M + N induces in a functorial way a D-homomorphism 
r,(j): T,(M) + r,(N). If fis a surjection with kernel, say U, then r,(f) is also 
a surjection; its kernel is generated by the elements ut2] and urn with m in M and u in U. 
When the D-module M is free with basis 5i, i E I, the D-module T,(M) is also free, with 
basis lIzI, i E I and 5i~j, i < j (for similar properties concerning I”(M), cf. [ll]). Given 
D-modules E and N together with a D-homomorphism f: M ODE + N, we have 
a D homomorphism M OD r,(E) + M OD N that sends the element m 0 erzl on the 
element f(m @ e) 0 e. 
Given a differential r-algebra Y, the image of the morphism 
H,(Y) @ r,(H,( Y)) + Hz(Y) @ H,(Y) as above will be denoted by L(Y); we will 
denote by y2H2(Y) the sub-D-module of &(Y) generated by the classes of divided 
squares of cycles of degree 2, and by (H,(Y), Hi(Y), HI(Y)) the submodule of H4( Y) 
of all Massey triples of elements in HI(Y). According to [S], an element of 
(Hi(Y),Hi(Y),H,(Y)) is described by a cycle of degree four CiciUi where the 
elements Ci, i E I are in Y,, almost all zero, and satisfy an equality dci = CjbijUj with 
cycles of degree one bij symmetric and almost all zero. Note that the module 
H1(Y)H,(Y) is contained in (H,(Y),H,(Y),H,(Y)). We will denote finally by 
D&(Y) the quotient K(Y)l(y2H2(Y) + <Hi(Y), Hi(Y), Hi(Y))). 
Let us recall here the definition of the D-modules H,(A, B, C, W). Consider a sim- 
plicial resolution X of the A-algebra B and let Y be the simplicial algebra obtained by 
tensor product Y = X Oa C. There exists a simplicial resolution 2 of the C-algebra D, 
together with a homomorphism of simplicial C-algebras Y -+ Z, so that for all n the 
Y, algebra Z, is free. One can obtain Z by a step by step construction (cf [2, Chapter 
93). The module H,,(A, B, C, W) is by definition the nth homology module of the 
complex Dif(Y, Z, IV’). It is shown in [3] that this definition is independent of all the 
choices made, and that we have an isomorphism H,(A, B, C W) g &(A, C, B, IV). 
1. Some definitions 
Given a D-module M, we consider an exact sequence involving a free D-module E 
o+u--+ j E &M-+00. 
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It is not difficult to check, using Schanuel’s lemma and its proof, that the following 
definition does not depend on the choice of the exact sequence above. 
Definition 1.1. (a) The D-module C(M) is the kernel of the homomorphism 
r,(j): Tz(~) + r,(E). 
(b) The D-module F(M) is the homology module of the complex 
where the homomorphism on the right, whose kernel will be denoted by G(E), sends 
the elements et’] on the element e @ p(e) (cf. also [3, Definition 131). 
(c) Suppose now that we have a D-module N and a D-homomorphism 
f: M Or, M -+ N. This will induce a D-homomorphism g: M @ I’,(E) + N &I E. The 
D-module A(M, N,f) is then by definition the kernel of the homomorphism 
coker f OD U + coker g 
induced by NQj:NaoU --) NODE. 
Example 1.2. (a, b) When the D-module M is the quotient of D by an ideal generated 
by a single element d, we have the following isomorphisms, 
T,(M) z D/(Dd2 + 2Dd), C(M) z Ann(d*)/l(d), F(M) z D/(Dd + Ann(d)), 
where I(d) is the ideal generated by the elements x2 and 2x with x in Ann(d). 
(c) When f is the zero homomorphism, the modules A(M, N, f) and Tory(M, N) 
are isomorphic. When f is surjective, we have A(M, N, f) = 0. Let M = D/Dd and 
N = D/Dd*, with an element d of D, and, given a, b in D, let f be the homomorphism 
sending the element [a] @ [b] of M @ M on the element [abd] of N (where the 
brackets indicate the class in the corresponding module). There is, in that case, an 
isomorphism A(M, N, f) g D/(Dd + Ann(d)). 
We are now going to define various homomorphisms involving the modules 
F(M), C(M) and A(M, N,f). Let us fix first some notations valid until the end of the 
section. Let Y be a differential r-algebra. The ring H,(Y) will be denoted by D, and 
A(H1 (Y), H2( Y)) will denote the D-module A(Hi (Y), H,(Y), f) where f is the product 
in H(Y). We pick an exact sequence of D-modules 
O+U-+E+H,(Y)-+O 
where E is a free D-module with basis, say ti, i E 1. The image of [i in Hi(Y) will be 
denoted by ai and we choose cycles ai in Yi representing Cli. 
Definition 1.3 (cf. [3, Definition 151). There is a natural homomorphism of 
D-modules 
(P(Y):F(H,(Y)) + &(Y)IH,(Y)&(Y) 
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defined as follows. An element w of F(H1 (Y)) can be represented by elements mij of Y, 
symmetric and almost all zero (recall that r*(E) is a free D-module) such that there 
exist elements bi of Y, that verify the equality dbi + Cjmijaj = 0. The element 
is then a cycle of Y, and its class in H3( Y)/H1 (Y)H,( Y) is the image by cp( Y) of the 
element w. 
It is not difficult to check that the homomorphism q(Y) is well defined (cf. [3]). 
Example 1.4. Let D be a ring and d an element of D; let Y be a free differential 
r-algebra with a generator x of degree 1 and a generator y of degree 2, the differential 
sending x on 0 and y on dx. In that case, the homomorphism cp( Y) is an isomorphism 
concerning the D-module D/(Dd + Ann(d)). 
Definition 1.5. There is a natural homomorphism of D-modules 
$(Y): C@,(Y)) + K(Y) OrJK(Y)IUY)> 
defined as follows. Let w be an element of C(H,( Y)). As an element of r,( Y) it can be 
represented by a formal finite sum Ckl,pyl where the elements pr belong to U. The 
elements pLk are of the form Ci~~isi with elements ~Lki of D represented by elements Uki of 
Y,. As ,uLk is in U, we can find elements pk of Y, with an equality dp, + xi!ikiai = 0. As 
w belongs to C(H, (Y)), its image in r,(E) is equal to zero and we can find therefore 
elements bij of Y, symmetric and almost all zero, with an equality dbij = CkAkUkiUkj. 
The element 
1 AkUkiPk + c bijaj 
k j 
is then a cycle of Y, whose class in HZ(Y) is denoted by yi. The image of w by the 
homomorphism $(Y) is then the class in HZ(Y) @,Hi(Y)/L(Y) of the element 
CiYi 0 ai. 
It is not hard to check that the homomorphism $(Y) is well defined (cf. [lo]). We 
will only verify here that the choice of bij is irrelevant; given elements bij ( =bJi) with 
dblj = ckllkukiukj, Olle has an CZqLlditj’ 
C &Ukipk + Cb;jaj = C AkUkipk + C bijaj + C (bij - bij)aj. 
k j k j j 
The element xi jPijaj @ Cli, where Bij denotes the class in H2( Y) of the cycle bij - bij, 
lies in the module L(Y), as it is the image of the element Cpij @ LX!‘] of 
Hi(Y) @ f,(H,(Y)). This means that two different choices of elements bij yield the 
same element in HZ(Y) @ H1( Y)/L( Y). 
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Example 1.6. In the situation of Example 1.4 the D-homomorphism $(Y) corre- 
sponds to the homomorphism Ann(d)/Z(d) -+ Ann(d) induced by the multiplication 
with ( - d) (cf. Example 1.2 for the definition of Z(d)). 
Definition 1.7. There is a natural homomorphism of D-modules 
a(Y):4K(Y), f&(Y)) + D&(Y) 
defined as follows. Given an element w = Ckvk 0 pk of A(H, (Y), H,(Y)), where the vk 
are in &(Y)/H,(Y)* and the pk are in u, one chooses elements uki and Pk as in 
Definition 1.5, and picks representating cycles qk in Y, of vk. As w lies in 
A(H,(Y), H*(Y)), there exist symmetric cycles hi, of degree 1, almost all zero, and 
elements ci of degree 3, almost all zero, with an equality dcj = xk&Uki + Cjb,Uj. The 
element 
C ClkPk + 1 Wi 
k I 
is then a cycle of degree 4 and its class in DH,( Y) is the image by a(Y) of the element w. 
It is not hard to check that the homomorphism a(Y) is well defined; for instance, 
given elements b;j and ci satisfying the same equalities as the elements bij and Ci above, 
one checks that the classes in H4(Y) of the elements ~k$& + CiCrai and 
CkqkPk + Ciciai d’ff 1 er only by an element of (H,(Y), H,(Y), Hi(Y)). The other 
verifications are left to the reader (cf. also [lo]). 
Example 1.8. In the situation of Example 1.4 the D-homomorphism a(Y) corresponds 
to the homomorphism Ann(d)/Ann(d)’ + Ann(d)/J(d) induced by the multiplication 
with ( - 2), where J(d) denotes the ideal of D generated by the elements x*,x with x in 
Ann(d). 
Definition 1.9. There is a natural homomorphism of D-modules 
P(Y):ker$(Y) + cokercc(Y) 
defined as follows. Let w be an element of T,(Y) as in Definition 1.5. This element 
belongs to ker +( Y) if and only if there exist elements bij of degree 1, symmetric and 
almost all zero, cycles rk of degree 2, and elements ci of degree 3, almost all zero, with 
eqLlditkS dbij = CkAkukiukj and dci = CklZkUkipk •k CjbijUj -k CkYkuki. The element 
F ~kp~*’ f F rkPk + 7 ciai 
is then a cycle of degree 4, and its class in coker rx( Y) is the image by p(Y) of w. 
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It is not difficult to check that the homomorphism B(Y) is well defined (cf. [lo]). We 
will only check here that the choice of pk, bij, rk and ci is irrelevant; given elements p;, b,Q, 
r; and c$ as in Definition 1.9, the elements&&p?” + C&p, + Cic:ai and Ck&#’ + 
Ckrkpk +Ciciai diff er b h 1 y t e e emem [&$$? +ckpkrk +ckfjkkTkl + [&@k~k +yk)Pk+ 
CiCiai], where we have set & = pi - Pk and so on. Now the class in H4( Y) of the first 
element in brackets belong to y2H2( Y) and the class of the second element in brackets 
belong to the image of ~1( Y), thanks to the equality dEi = Ck(&& + ?k)Uki + Cj6ijaj. 
Example 1.10. In the situation of Example 1.4 the D-homomorphism p(Y) is an 
isomorphism concerning the D-module Ann(d)/Z(d). 
Remark 1.11. It can be shown that the cokernel of a(Y) is equal to the quotient of 
I&(Y) by the submodule generated by the divided squares and by all the elements 
decomposables as Massey triples; moreover, when 2 is invertible in D, the cokernel of 
p(Y) is the quotient of&(Y) by the submodule of all the elements decomposables as 
Massey products (compare [lo, Appendix]). 
2. Results 
Let A, B, C and D be as in the Introduction. There exists a differential r-algebra 
Y with an isomorphism 
H(Y) g Torz(B, C), 
for instance the underlying differential r-algebra of the simplicial algebra X Oa C, 
where X is a simplicial resolution of the A-algebra B. The D-module D&(Y) will be 
denoted D Tori@, C) and, as usual, the quotient of Torf(B, C) by the submodule 
Torf(B, C) Tor#, C) will be denoted QTor$(B, C). 
We can consider the following homomorphisms of D-modules 
cp :F(Tor:(B, C)) --) QTor$(B, C), 
$ : C(Tor:(B, C)) + (Tot-<@, C) Or, Tor$(B, C))/L, 
a: A(Tor:(B, C), Tor$(B, C)) --f D Tor$(B, C), 
fl:ker$ + cokercc 
(cf. Definitions 1.3,1.5, 1.7, and 1.9, respectively), which do not depend on the choice of 
the r-algebra Y by a naturality argument. We have then the following result, the proof 
of which will occupy the next two sections of this paper. 
Theorem 2.1. There exists an exact sequence of D-modules 
0 + coker/? + &(A, B, C, D) + V + Tor:(B, C) + &(A, B, C, D) 
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where V is a D-module that appears in an exact sequence 
0 + coker $ -+ V + F(Tor:(B, C)) + 0. 
The composition of the two homomorphisms 
cokerrl/ + V and V + Tor:(B, C) 
is the homomorphism induced by the product in Tor;f(B, C), and the two homomorphisms 
leaving the D-module V in the exact sequences above, appear in the following com- 
mutative diagram: 
V-Tori(B, C) 
I I 
F(Tor:(B, C)) 2 QTor:(B, C) 
Remark 2.2. According to [3], the first exact sequence above continue on the right as 
follows 
&(A, B, C, D) + n$‘Tor:(B, C) -+ To&B, C) + H,(A, B, C, D) + 0. 
Corollary 2.3. When the D-module Tor:(B, C) is flat there is an exact sequence of 
D-modules 
0 + DTori(B, C) + H,(A, B, C, D) -+ Tor$(B, C) ODTor:(B, C)/L -+ Tor$(B, C). 
Proof. This is a direct consequence of the following lemma. Cl 
Lemma 2.4. The D-modules F(M), C(M) and A(M, N, f) all vanish, when the D-module 
M is flat. 
Proof. When the D-module M is free, the assertion is an immediate consequence of 
the definitions. In the general case, one has to use a theorem of Lazard (cf. [7, Theorem 
1.2]), saying that a flat module is isomorphic to a direct limit of free modules. Details 
are left to the reader. 0 
Let us see now how Theorem 2.1 can be applied to yield new results in the theory of 
the cotangent complex. The following two examples are taken from [3]. 
Example 2.5. In the case of a surjection of A on B = C, D is isomorphic to B and we 
have an isomorphism 
H,,(A, B, C, W) E H,- ,(A, B, W). 
In that case, Theorem 2.1 gives a connection between the D-module H,(A, B, B) and 
Tor:(B, B). 
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Example 2.6. Given a surjection of C on D, we pick a system 7 of generators z, of the 
kernel of this surjection. We define A to be the free C-algebra with variables t, and we 
set B = C. The morphism from A to B is the A-morphism sending t, to 0, and the 
morphism from A to C is the A-morphism sending t, to 7,. In that situation, there is 
an isomorphism, with n 2 3 (cf. [3] for the situation in degree 2), 
&(A, B, C, W) = H,(C, D, W). 
There is also the following useful isomorphism, 
Torf(B, C) 2 H,(C; T), 
the nth Koszul homology module of the ring C for the family of elements z,, so in that 
case, Theorem 2.1 provides a connection between H,(C, D, D) and the Koszul homol- 
ogy. The situation is especially simple in the case of a single generator, as the following 
proposition shows. 
Proposition 2.7. Let C be a ring, z be an element of C, and let D be the quotient CjCz. 
There is an isomorphism of D-modules 
H,(C, D, D) z F(Ann(z)). 
Proof. Applying Theorem 2.1 in the context of Example 2.6 (with the single generator 
z), we obtain two exact sequences 
0 --f H5(C, D, D) + V + 0 and 0 -+ V -+ F(J) + 0, 
as in that case the Koszul homology modules H,(C; z) are zero when n 2 2, and 
H,(C; 2) = Ann(z). The assertion is now immediate. 0 
The situation in degrees I 4 is described in [3]. In the same fashion one can prove 
the following proposition. 
Proposition 2.8. Let C be ring and let D be the quotient of C by an ideal generated by 
two elements z1 and z2. The nth Koszul homology module of the ring C for the elements 
z1 and z2 is denoted by H,,. We have then an exact sequence 
C(H,) --$ (Hz @,H,)IL + H,(C, D, D) + JYHI) + 0. 0 
Example 2.9. (a) In the case of a regular sequence (a, b, c) of a ring C, we can apply 
Proposition 2.8 in order to compute H,(C, C/(ab, ac), C/(ab, ac)). We obtain the 
following isomorphisms, as Hi is zero in that case when i 2 2, 
H,(C, C/(ab, UC), C/(ab, UC)) g F(H,) z C/(a, b, c). 
(b) In the case of a regular sequence (a, b, c) of a ring A, consider the ring 
C = A/(a’) and the quotient D of C by the ideal generated by the classes of the 
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elements ab and ac of C. In that case, one can check, after some computations, that the 
homomorphism II/ in Proposition 2.8 is surjective and so there is an isomorphism 
H,(C, D, D) E F(H,) E (A/(a, b, c))~. 
(c) In the case of a regular sequence (a, b, c, d) of a ring A, consider the ring A/(ab) 
and the quotient D of C by the ideal generated by the classes of the elements ac and ad. 
In that case the homomorphism + in Proposition 2.8 is not in general surjective. 
We will consider now the case of a local ring C. Given an ideal I of C, we denote by 
d(l) the difference between the cardinality of a minimal system of generators of I and 
the grade of I. We say that I is an almost complete intersection if d(1) I 1. We will 
denote by H, the nth Koszul homology module on a minimal system of generators 
of I. In the case of an ideal I with d(Z) I k, the modules H, are then zero when n > k. 
Applying Theorem 2.1 in the context of Example 2.6 (with a minimal system of 
generators r, of I) we obtain the following proposition. 
Proposition 2.10. Let I be an almost complete intersection ideal in a local ring C. There 
is an isomorphism of C/I-modules 
H,(C, C/I, C/I) E F(H,). 0 
As a corollary of the above proposition, we obtain the following result, which can 
be found in [6], but with the extra hypothesis that the local ring C contains a field of 
characteristic zero. 
Corollary 2.11. Let I be an ideal of jinite projective dimension of a local noetherian 
ring C; suppose that Z is an almost complete intersection. The following assertions are 
then equivalent: 
(1) the ideal I is generated by a regular sequence, 
(2) the modules H4(C, C/I, C/I) and H,(C, C/I, C/I) vanish. 
Proof. It follows from [2, Lemma 6.221 that the first condition implies the second. For 
the other implication, applying Theorem 8 of [3] (cf. also Remark 2.2) and Proposi- 
tion 2.10, we obtain the following isomorphisms 
H,(C, D, D) z AiH, and HS(C, D, D) z F(H,), 
where D denotes the ring C/I. By hypothesis these modules are zero. Tensoring AgH1 
with K, the residue field, we see that the K-vector space H1 Or, K is of dimension I 1, 
i.e. the D-module H1 can be generated by a single element, say w. As the D-module 
F(H,) is zero, the exact sequence 
0 + Ann(o) -+ D + H1 + 0 
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implies that there is an inclusion Ann(o) c Ann(o)‘. By Nakayama, this is only 
possible when Ann(w) = 0 or when Ann(w) = D. Lemma 14.9 of [S] gives now the 
conclusion. 
Consider now the surjection a local ring C, with maximal ideal M, on its residue 
field K. We will denote by H, the nth Koszul homology module on a minimal system 
of generators of the maximal ideal M. As K is a field, the K-module HI is flat, and 
Corollary 2.3 (in the context of Example 2.6 with a minimal system of generators r, of 
the maximal ideal M) gives the following proposition. 
Proposition 2.12. There is an exact sequence of K-vector spaces 
where H denotes the homology of the complex HI 0 r2(H,) + HI 0 HI + H3. 0 
Corollary 2.13. We denote by [V] the dimension of a K-vector space of jinite type V. 
We have then an equality 
65 = CWb2H2 + (HI, HI, HI))] + CHdCH21- [Ir,W,>l) 
- CH~HII + CWHI 63 r2WI) fff2 @ Hdl, 
where J5 denotes theJfth simplicial deviation [H,(C, K, K)]. 
Proof. This follows almost immediately from Proposition 2.13. 0 
Remark 2.14. (a) There is a similar formula concerning the fifth classical deviation 
( = [QTor:(K, K)]) in [4, Corollary 6.21. Comparing this formula with our formula 
for d5, one can prove, after some computations (see [lo] for details), that the vector 
spaces QTor$(K, K) and H,(C, K, K) are isomorphic, if and only if there is an 
inclusion 
y2H2 = H; + (HI, HI, HI >. 
This is exactly Theorem 3.13 of [8]. 
(b) One can also consider the surjection C + K in the context of Example 2.5 and 
apply Theorem 2.1. This will give, after some computations (cf. [lo]), the well-known 
isomorphism 
H,(C, K, K) g Tor:(K, K)/(Tory(K, K)Tor$(K, K) + Y2Tort(K, K)). 
The next two sections are devoted to proving Theorem 2.1. 
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3. Homology of symmetric products and step by step constructions 
Let R be a ring, let Y a simplicial R-algebra and let n be a natural number 2 2. 
Given a family of elements ai, i E I with ~j,_ I(aJ = 0 and whose classes in the 
HO( Y)-module H,- 1(Y) are a system of generators, one can obtain (cf. [2, Chapter 91) 
a new simplicial algebra 2 with H,(Z) = 0; this is done by adjoining variables xi, i E I 
in degree n together with their degeneracies, and with 
Ei(Xi) = 0 when i # n and EE(Xi) = ai. 
The Y, +k- algebra is free with the following variables 
@ 
n+k-1 0 . . . ooh'(Xi), FEZ, 0 <j, < ... <j, 5 n + k - 1. 
We say that Z has been obtained from Y by a step of genus n. 
In the special case where Y is the constant simplicial algebra R (cf. [2, example 
4.111) and all the ai are zero, the corresponding simplicial algebra Z will be denoted 
X R,l,n. There is a canonical isomorphism XR,I,N g S,(V,,,,.), where VR,I,n denotes 
the simplicial R-submodule of X,, I, n, free in each degree, with a basis consisting of the 
variables of the corresponding degree. We will write X,,,,,(k) for the image of 
Si( VR,l,n) by this isomorphism. As the normalised complex of V,,l,n is concentrated 
in degree n, where it is free with basis xi, i E I, the same is true for its homology. 
Consider now a step of genus IZ. Each element z of the free Y,-algebra 2, has 
a polynomial degree degz as well as the simplicial degree m, so we set 
Fk=(z~Z,Idegz~k}. 
As the face and degeneracy operators do not increase the polynomial degree of an 
element, this yields a filtration of the Y-algebra 2 by simplicial Y-modules Fk. 
Lemma 3.1. Let Y --P Z be a step of genus n with variables Xi, i E I, and with the 
associated filtration. There is an isomorphism of simplicial modules 
Fk/Fk-’ 2 Y@RXR,l,,(k). 
Proof. We clearly have an isomorphism of Y, modules 
F:IF;-’ = Y, @RXR,I,.(k)m. 
It is not difficult to check that this isomorphism is compatible with the simplicial 
structure. 0 
We will have to consider, later, steps of genus 2 and 3. We therefore need to make 
some computations concerning H(XR,I, 2) and H(XR.1, 3). 
Proposition 3.2. Let G be a free graded R-module concentrated in degree 2, with basis et, 
i E I. There is an isomorphism of r-algebras 
r,(G) = H(XR,I,2) 
which sends the basis element ei on the class in Hz(XR,I,2(1)) of the variable Xi. 
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Proof. Given a ring homomorphism R + S there is a canonical isomorphism 
X S,I,n = - XR,I,n @R s. 
Using this fact and the universal coefficients theorem, one easily reduces to the case 
where the ring R is equal to Z, the ring of integers. With a direct limit argument, one 
reduces to the case where the set I is finite, and, by induction, to the case where it has 
a single element. 
Until the end of the proof, XR denotes the simplicial algebra XR.1.2, with a set I of 
cardinality 1, and x denotes the unique variable xi. We have to prove Proposition 3.2 
for the simplicial algebra Xz. 
Assume first then Proposition 3.2 is true for simplicial algebras X,, where K is 
a field. By induction on i, using the universal coefficient theorem, we get the following 
isomorphism, where p is a prime number, 
Hi(Xz(k)) Oz z/PZ g Hi(X,/r,(k)). 
Now the Z-module X,(k), is of finite type, so the same is true for Hi(X,). Using the 
structure theorem for abelian groups of finite type, we see that the abelians groups 
Hi(Xz(k)) are all zero except when i = 2k where we have a free abelian group of rank 
one generated by the class of the divided power y’(x). This is exactly Proposition 3.2 
for the simplicial algebra Xz. 
It remains to prove it in the case of X,, where K is a field. As the simplicial algebra 
X, is isomorphic to the simplicial algebra SK(&) where V, denotes the simplicial 
module V,, I, 2, and as the homology of V, is of dimension 1, concentrated in degree 2, 
Proposition 3.2 is now a direct consequence of Theorems 3.4,4.1 and 5.1 in [9]. 0 
In the case of XR, r, 3, the situation is a bit more involved and we obtain a description 
(sufficient for our needs) only in degrees I 5. Given an element x of degree 3 in 
a simplicial algebra, we denote by O(x) the following element, 
e(x) = c&:(x)&~(x) - &J:(x)a$a:(x) + o~o;(x)a$o:(x). 
Proposition 3.3. The R-modules Hk(X R, r, 3(r)) are all zero for k I 5, except 
(1) the module Ho(XR,t,,(O)) h h f w ic is ree o ran one, with as basis element the class f k 
of 1, 
(2) the module Hs(XR,t,3 (1)) which is free with the following basis, 
5i, i E I, 
where <i denotes the class in this module of the variable xi, 
(3) the module Hs (XR,t, 3 (2)) which is a direct sum of cyclic modules 
H5 txR, I, 3 (2)) z @Ami, with Aoi E A/2A, 
ieI 
where Oi denotes the class in this module of the element g(xi). In particular, the 
module H,(X,,,, 3(2)) vanish zf and only if 2 is invertible in the ring R. 
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Proof. We denote here by X, the simplicial algebra X R,I, 3 with a set I of cardinality 1, 
and x denotes the unique variable. As in the previous proposition, one reduces to the 
special case of Xz. 
As in the previous case, assuming that Proposition 3.3 is valid for simplicial 
algebras X, where K is a field, one can show that the modules Hi(X,(k)) are all zero 
when i I 4 except for the modules &(X,(O)) and H3(Xz(1)) which have the desired 
form. 
For the fifth homology module, we consider again the following tensor product 
S(Xz(k)) Oz Z/P~ g %(Xz/,z(k)). 
As we have assumed Proposition 3.3 in the special case of a field, the right-hand side of 
this expression vanishes, except when both p and k are equal to 2, in which case it is 
a Z/22 vector space of rank one, generated by the class o of the element 0(x). It 
follows that the modules H,(Xz(k)) are all zero except H,(Xz(2)) which is a cyclic 
abelian group generated by o and whose order is a power of 2. Consider now the 
following element of X,(2),, 
e,(x) = a:o$o~(x)a:o&r~(x) - o:a$a;(x)o$J;a;(x) + &J~c~(x)a$J~o~(x) 
- t7~a:a:(x)o:a&J;(x) + o:a$o:(x)a:a&J~(x) - a:o&J;(x)o;o$&x) 
+ a:a&J~(x)o:o$o;(x). 
A direct computation shows the equality d@(x) = 28(x) is satisfied in Xz(2),. This 
implies that the element o has order 2 in H,(Xz(2)) as desired. 
To end up the proof, it remains to show that Proposition 3.3 is valid in the special 
case of a field K. As in Proposition 3.2, this follows from Theorems 3.4,4.1 and 5.1 of 
[9]. The assertion about the generator of H5(XK(2)), with a field K of characteristic 2, 
is a consequence of Theorem 6.5 and Proposition 5.4 of the same paper. 0 
Consider now a simplicial R-algebra Y with a family of elements of degree one ai, 
i E I as in the beginning of the section, and let Q denote the simplicial algebra obtained 
from Y by a step of genus 2 with the variables xi, i E I. Let G be free graded R-module 
concentrated in degree 2, with a basis indexed by I, say, ei, i E I, and let 4 be the 
R-homomorphism G + Y of degree - 1, that sends the basis element ei on the 
element ai. There is a unique differential on the r-algebra Y @.rR(G) (a simplicial 
algebra has a natural structure of r-algebra) that sends the element y @ gtkl on the 
element y&g) 0 9 [k- ‘I We denote by Y(G, 4) this differential r-algebra (note that . 
Y(G, 4) is isomorphic to Y( ... Si ... IdSi = Ui) in [S]). There is a canonical mor- 
phism of differential r-algebras 
_I-: Y(G 4) + Q 
that sends the element y @ ei on the element yxi. 
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Proposition 3.4. The homomorphism f dejined above induces an isomorphism in homol- 
ogy 
H(Y(G, 4)) = H(Q). 
Remark 3.5. Note that, as the divided powers in the simplicial algebra Q induce 
a system of divided powers on H(Q), the above proposition imply that the divided 
powers on Y( G, 4) induce a system of divided powers on H( Y( G, 4)) such that the 
above isomorphism is an isomorphism of r-algebras. 
Proof of Proposition 3.4. Consider the differential Y-submodules Gk of Y(G, 4), 
defined to be the tensor products Yo,(OiSkri(G)). This gives a filtration of the 
Y-differential f-algebra Gk of Y(G, 4) by differential Y-modules. By definition of the 
product and of the divided powers in a simplicial algebra, we have an inclusion 
f(Gk) c Fk for all k. 
We prove by induction on k that f induces an isomorphism 
H(Gk) g H(Fk). 
The assertion will follow then with a direct limit argument. The case k = 0 is trivial as 
Go = F” = Y, so let k be a positive integer. We have a commutative diagram of long 
exact sequences 
. . . -+ IIZ,,+~(G~/G~- ‘) + H,,(Gk-l) + H,(Gk) + Hn(Gk/Gk-‘) + ... 
I I 1 I 
. . . --) Hn+,(Fk/Fk-I) + Hn(Fk-‘) + Hn(Fk) + Hn(Fk/Fk-‘) + ... 
Using the induction hypothesis and the five-lemma, we only have to show that 
f induces an isomorphism 
H(Gk/Gk-l) z H(Fk/Fk-‘). 
The quotient Gk/Gk-’ is isomorphic to the tensor product Y@,T,(G); as T,(G) is 
a free R-module, we have the following isomorphism in homology 
H(Y) OR r,(G) z H(Gk/Gk- ‘). 
Using Lemma 3.1, the Eilenberg-Zilber theorem, the Kiinneth formula and Prop- 
osition 3.2, we also obtain the following isomorphism, 
H(Y) @IR r,(G) z H(Fk/Fk- ‘) 
Using the connection between the proof of the Eilenberg-Zilber theorem and the 
product in a simplicial algebra, it is not hard to check that the two isomorphisms 
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above appear in the following commutative diagram, where the horizontal bottom 
arrow is the map induced by f 
H(Y) @Rr!@++ H(Y) @Rrk(G) 
I 
2 
I 
2 
H(Gk/Gk- ‘) - H(FkJFk-‘). 
This ends the proof of Proposition 3.4. 0 
We also need to consider the case of a step of genus three. 
Proposition 3.6. Let Q be a simplicial R algebra with HI(Q) = 0, and let S be a simplicial 
algebra obtained from Q by a step of genus three. The inclusion of Q in S induces an 
isomorphism of Ho(Q)-modules 
Proof. Let xi, i E I be the simplicial variables of degree 3 introduced in S correspond- 
ing to elements ai, i E I as in the beginning of the section, and let Fk be the 
corresponding filtration modules. Given k 2 3, using Lemma 3.1, Proposition 3.3, the 
Eilenberg-Zilber theorem and the Kiinneth formula, we obtain 
Hi(Fk/Fk-‘) = 0 when i is equal to 4 or 5. 
This gives a first isomorphism 
H4(F2) = H‘+(S). 
Similarly, we see that the modules H4(Fk/Fk-‘) are zero for k = 1, 2, and we obtain 
isomorphisms 
Hs(F’/FO) g HZ(Q) @R @R5i and H,(F2/F1) % Ho(Q) @R @Roi. 
We therefore have an 
Q in F’ 
HZ(Q) @R @Rti 
ieI 
_ _ 
iel isI 
exact sequence of Ho(Q)-modules, induced by the inclusion of 
+ H‘+(Q) --) H,(F’) -+ 0. 
It is not hard to check, using the connection between the proof of the Eilenberg-Zilber 
theorem and the product in a simplicial algebra, that the exact sequence above 
induces an isomorphism 
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The inclusion of F’ in F2 induces then an exact sequence 
A simplicial computation shows that the image of the element 1 @ Oi is equal to the 
divided square Y2(Ui). This ends the proof of Proposition 3.6. 0 
Corollary 3.7. Let A, B, C, D be as in Theorem 2.1. Let Y be the simplicial algebra 
X @A C, where X is a simplicial resolution ofthe A-algebra B. Let G be a graded module 
concentrated in degree, with a YO-homomorphism 4 : G + Y of degree - 1 that induces 
a surjection on H,(Y). There is an isomorphism of D-modules 
Hs(A, B, C, D) = H,(Y<G, $J>)IIJ~H~(Y<G, 4)). 
Proof. Note first that we have an isomorphism H,(Y) g D. It is not difficult to check 
that the module H4( Y(G, 4))/y2H2( Y(G, 4)) d oes not depend on the choice of the 
free module G and of the homorphism 4 inducing a surjection on HI(Y). So we can 
assume that the images ai = 4(ei) of the basis vectors of G satisfy the equality 
sj2(ai) = 0. Let now Q be the simplicial algebra obtained from Y by a step of genus 2, 
with the elements ai. Let S be the simplicial Y,-algebra obtained from Q by a step of 
genus 3. By Proposition 27 of [3] we have an isomorphism of D-modules 
H,(A, B, C, D) = Hb(S). 
The assertion is now a consequence of Propositions 3.4 and 3.6. 0 
4. End of the proof 
Theorem 2.1 is a consequence of the following proposition together with Corollary 
3.7 and Remark 3.5. 
Proposition 4.1. Let Y be a differential r-algebra, and let G be a free graded Y,-module 
concentrated in degree 2, with a YO-homomorphism $1 G -+ Yi of degree - 1 that 
induces a surjection of G on H,(Y). Suppose that the divided squares Y2 + Y, 
and Y(G, $>2 -, Y<G, $>4 induce divided squares H2(Y) + H4(Y) and 
H,(Y<G> 6)) + H,(Y(G, 4)). Th ere is in that case an exact sequence of 
H,( Y)-modules 
0 -+ cokerfi(Y) -, H,(Y<G, 4))Iy2H2(Y<G, 4)) + V -+ Ha(Y) + H,(Y<G, 4)) 
where V is a Ho( Y)-module that appears in the exact sequence 
0 + coker$(Y) + V -+ F(H,(Y)) -+ 0. 
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Moreover, the composition of the two homomorphisms 
(HAY) @vH,(Y))IL(Y) -+ V and V --f H3(Y) 
is the homomorphism induced by the product in Y and the two homomorphisms leaving 
the module V in the exact sequences above appear in thefollowing commutative diagram: 
V bff3 ( Y) 
I I 
F(H,(Y))~H,(Y)IH,(Y)H,(Y) 
Example 4.2. In the case of the differential r-algebra Y of Example 1.4, Proposition 
4.1 implies that the D-module H4( Y( G, 4))/y” H,( Y( G, 4)) is trivial, which was to be 
expected. 
The rest of the section is now devoted to proving Proposition 4.1. Let us fix first 
some notations valid throughout the section. We denote by Z the differential r- 
algebra Y(G, 4), by R the ring Y, and by D the ring H,,(Y). We denote by t the 
canonical homomorphism H4(Zj + H4(Z/Y) and by 8 the connecting homomor- 
phism H4(Z/Y) + H3(Y). We choose a basis et, i E I of the free R-module G, and Ui 
denotes the image in Yi of the basis element ci. We denote by E the free D-module 
G OR D with basis i”i = ci @ 1, i E I. We have then an exact sequence of D-modules 
0 + U -+ E + H,(Y) + 0 
where the basis element pi is sent on the class, say Cli in HI(Y) of the element ai. We will 
also have to consider a free D-module F with a surjection of F on U. 
We are interested in the D-module H4(Z)/y2H2(Z); this module is the cokernel of 
the homomorphism of D-modules r,(H,(Z)) + H4(Z) induced by the divided 
square, so we first have to get some information about the D-module H2(Z). 
A cycle of degree 2 in Z is an element w = p + Cil,ei with dp + Ciliai = 0 where p is 
in Y2 and li is in R. We have then a homomorphism of D-modules 
u:H2(Z) + U 
that sends the class in H2(Z) of the cycle w on the element Ci/ziri of U, where Ai is the 
class in D of li. The exact sequence of complexes 
o+ Y+Z-+Z/Y+O 
induces an exact sequence of D-modules 
0 --) ff,(Y)/H~(y)~ AH2(Z)AU + 0 
where j is induced by the inclusion of Y in Z. So if we choose a homomorphism 
f: F -+ H,(Z), with uofequal to the surjection of F on U, we get the following lemma. 
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Lemma 4.3. The homomorphisms j and f induce a surjective D-homomorphism 
(j,f):HZ(WH1(Y)2 0 F + Hz(Z). 
Moreover, the image by the homomorphism f of an element of the kernel of the surjection 
of F on U is an element belonging to the image of the homomorphism j. 0 
As a consequence of this lemma, we have that the D-module H4(Z)/1/2H2(Z) is 
isomorphic to the cokernel of the following homomorphism 
(si, sz> g3):r2(H2(Y)lHI(Y)2) 0 W~(Y)IHI(Y)~ 0 f9 0 ~2(F) -+ fW7 
where the D-homomorphisms gi are defined as follows, 
g1(vt2]) = y2( j(v)) with an element v of H2( Y)/H,( Y)2, 
g2(v @ y) = j(v)f (q) with an element v of H2(Y)/H,(Y)2 and an element q of F, 
g3(yL2]) = r’(f (u])) with an element v] of F. 
The strategy of the proof of Proposition 4.1 will be to successively focus our attention 
on the modules E&(Z), cokerg,, coker(gi, g2) and coker(g,, g2,g3) g 
fLPv~2~2m. 
Remark 4.4. (a) A cycle w of degree 4 in Z/Y is an element w = CiCi @ ei 
+ Cicjmijeiej + Cimiiei [21 where the elements bi belong to Y2, the elements mij = mji 
are in R, and with an equality dbi + Cjmijaj = 0. It is not hard to check that there is 
a homomorphism of D-modules 
C: H4(Z/ Y) + G(E) (for G(E) cf. Definition 1.1) 
that sends the class of w on Ci<jyijcilj + Ciyiis12’. Moreover, the following diagram is 
easily seen to be commutative 
K(ZlY) a ------+ff3( Y) 
I c 
G(E) - q(y) ff3(W~lV)ff2(Y) 
(b) Let J be the cokernel of the homomorphism E 0 r2(E) -+ H2(Y) @ E 
(cf. preliminaries). We will also consider the homomorphism of D-modules 
7:W2(Y)OE)IJ + KG/Y) 
that sends the class w of Circi @ ci, where 71i belongs to H,(Y) on the class in &(Z/ Y) 
of Cipi @ ei, where pi is a representating cycle for ni. Note that the composed 
homomorphism 
sends w on CiXiCli. 
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These two homomorphisms appear in the following lemma. 
Lemma 4.5. There are exact sequences of D-modules 
0 --) HLs(Y)I(Hl(Y), H,(Y), H,(Y)) + H4(Z)1-,HzwY)~H3(Y) -+ H3(Z) 
and 
0 --) W,(Y) o,wJ AH4(Z/ Y) -2. G(E) --f 0. 
Proof. To obtain the first exact sequence, one has to check that in the long exact 
sequence induced by the exact sequence of complexes 
the image of the connecting homomorphism H,(Z/Y) -+ H5(Y) is precisely the 
module (H,(Y), HI(Y), HI(Y)). This is a straightforward computation. 
For the second exact sequence, we consider the differential submodules G’ and G2 
of Z/ Y, defined to be the images, by the surjection Z --$ Z/Y, of the filtration modules 
G’ and G2 (cf. beginning of the proof of Proposition 2.8). The module H4(G2) is 
precisely the module H4(Z/Y), and so it is not hard to check that the exact sequence 
0 -+ G’ + c2 -+ Cl/G2 + 0 
induces the desired exact sequence. El 
The two exact sequences of Lemma 4.5 will become eventually (after the interven- 
tion of gr, g2 and g3) the two exact sequences of Proposition 4.1. To begin with, we 
have to check the effect of gl. The commutative diagram of exact sequences 
r2 (H2( YN •~~(H~(Y)IHI(~)~F---+~ 
i I 
si 
I 
o-H,(Y)/(H,(Y),H,(Y),H,(Y)) -----+HdZ) ----!--fL(Zl Y) &fM Y), 
where the vertical arrow on the left is induced by the divided square, induces an exact 
sequence of D-modules 
0-DH( Y) --+coker(g,) LHAZl Y) AH,(Y) -H3W 
Now let us investigate the effect of g2. There is a homomorphism, say h, 
h: H,(Y)/H,(Y)’ OD U + coker(g,) 
induced by the homomorphism g2 (to check this use Lemma 4.3), with an isomor- 
phism coker(h) z coker(g,, g2). The following two commutative diagrams of exact 
sequences 
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h 
O-+DH(Y)- coker(gJ ---+H&VY) -H3(Y) -Ha(Z) 
ff2wIffl(y)2 QDU 
i 
sob 
0 -+ (H,(Y) QDE)/J---I_,H,(Z/Y) (I G(E) -+ 0 
induce, after some diagram chasing, the following two exact sequences 
Acoker(t+,, g2)) -+ H3(Y) -+ H3(Z), 
0 -, (HAY) @DHl(y))/L -+ coker(t”(gl, cd) + G(E) --f 0, 
where s’ is induced from t, and the two bottom horizontal homomorphisms are 
induced from c and r. 
It remains now to check the effect of g3 on the two exact sequences above. There is 
a D-homomorphism 
k: ~zW) -, coWgl, 92) 
induced by g3 (to see this use again Lemma 4.3) with an isomorphism 
coker(h) 2 coker(g,, g2, g3). The two exact sequences of Proposition 4.1 can be 
deduced, after some diagram chasing, from the following two commutative diagrams 
of exact sequences 
r2vJ) 
k 
I 
0 -+ coker(cr( Y)) -+ coker(g,, g2) --+ ” coker(ro(gi, g2)) -, (Hs(Y) -+ H3(Z) 
r2m 
I s'ok 
0 --) (ff~(Y) @Dffl(Y))/L -+ coker@o(gl, gd) + G(E) -+ 0 
The other assertions in Proposition 4.1 are an easy consequence of the observations 
made in Remark 4.4. This ends the proof of Proposition 4.1. 0 
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